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ABSTRACT: Individual-based models describe interactions between individuals in the population. Dynamics of the number of individuals in the population
is a byproduct of these interactions. Individual variability plays an important role in this type of models.
Individual-based models can be formulated in the form
in which individual variability is replaced by average
values. In contrast, classical models describe dynamics of population density directly and assume that all
processes in the populations can be expressed as functions of the density. Numerical results of classical and
individual-based models can be similar but interpretations almost always are different.
ÐÅÇÞÌÅ: Èíäèâèäóàëüíî-îðèåíòèðîâàííûå
ìîäåëè îïèñûâàþò âçàèìîäåéñòâèÿ îñîáåé â ïîïóëÿöèè. Â ýòèõ ìîäåëÿõ äèíàìèêà ÷èñëåííîñòè îñîáåé â ïîïóëÿöèè ÿâëÿåòñÿ ïîáî÷íûì ïðîäóêòîì
îïèñûâàåìûõ âçàèìîäåéñòâèé, à èíäèâèäóàëüíàÿ
èçìåí÷èâîñòü èãðàåò âàæíóþ ðîëü. Èíäèâèäóàëüíî-îðèåíòèðîâàííûå ìîäåëè ìîæíî ïåðåôîðìóëèðîâàòü òàê, ÷òîáû èíäèâèäóàëüíàÿ èçìåí÷èâîñòü
áûëà çàìåíåíà ñðåäíèìè âåëè÷èíàìè. Íàïðîòèâ,
êëàññè÷åñêèå ìîäåëè íåïîñðåäñòâåííî îïèñûâàþò
äèíàìèêó ÷èñëåííîñòè ïîïóëÿöèé è ïðèíèìàþò,
÷òî âñå ïîïóëÿöèîííûå ïðîöåññû ìîãóò áûòü ôóíêöèåé ïëîòíîñòè. ×èñëåííûå ðåçóëüòàòû îáîèõ òèïîâ ìîäåëåé ìîãóò áûòü ñõîäíûìè, íî èõ èíòåðïðåòàöèè ïî÷òè âñåãäà ðàçëè÷íû.

1. Introduction
Let us consider a population of a parthenogenetic
insect species with a simple life cycle. Females lay
eggs in autumn and die. Eggs overwinter in soil and
hatch during the next spring. Larvae feed and grow.
Adult females emerging in autumn do not feed, they
only lay next generation of eggs and die.

Even such a simple case can be complicated by
some hidden assumptions. The first question is the
survival of eggs, larvae and adult females. Not all the
eggs laid in autumn survive until spring. Similarly, not
all the larvae survive during summer and not all the
females, which emerge from the pupae, survive until
egg laying. However, to make the following considerations simpler, let us assume that all individuals, starting their lives as eggs, survive until egg laying time in
autumn. This assumption enables us to leave the problem of mortality aside and concentrate at this step on
the reproduction process. We will come back, however, to the mortality problem in the end of this paper.
If we know the number of females in a given generation and the number of eggs laid by each female, it is
easy to calculate the number of females in the next
generation. Let us assume that in generation t there are
Nt females. If i-th female lays ri eggs, the number of the
females in the next [t +1] generation will be equal to
the sum of ri for all Nt females:
(1)
Nt+1 = å ri
where summation is for i = 1, , Nt .
Two main questions arise now. The first one concerns the situation within the given generation. What
are the values of ri? Are they the same for each female
or different? If they are different, can we predict their
values? The second question extends for further generations. If we want to calculate the number of females in
subsequent generations, we have questions about their
r values: are they the same or different as for the
females in the present generation? If different, can we
predict these values?
This paper compares the possibilities of individualbased and classical modeling to describe dynamics of
biological systems.It describes limitations and pitfalls
of mathematical modeling in ecology. But it also stresses
the usefulness of constant efforts to come with mathematical descriptions closer and closer to the reality. I
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will consider an example of a simplest model of population growth  the exponential equation and its extensions.

2. Exponential equation  a short time scale
Let us assume that all females are equal. They lay
the same number of eggs r. Now, the equation (1) can
be transformed to the following form:
(2)
Nt+1 = r Nt
However, a more interesting situation is when not
all the females are equal. Let us first assume that in
generation t there are Nt1 females, which lay r1 eggs,
and Nt2 females, which lay r2 eggs (of course Nt1 + Nt2 =
Nt). The number of females in the generation [t+1] will
be described by the equation:
Nt+1 = r1 Nt1 + r2 Nt2
(3)
We can calculate rma  the mean (arithmetic) number of eggs laid by a female from generation:
(4)
rma = (r1 Nt1 + r2 Nt2) / (Nt1 + Nt2)
The number of females in generation [t +1] can be
calculated using the mean number of eggs laid by a
female from generation t:
(5)
Nt+1 = rma Nt
Equation (5) is in the form similar to equation (2).
Nothing will change if we assume that all females
are different and have different ri values. Once again
we can calculate Nt+1 using equation (1) or equation (5)
and the result of calculations will be the same. However, in this later case we should use the following equation for calculation the mean number of eggs laid by a
female:
(6)
rma = (å ri ) / Nt
where summation is for i = 1, , Nt .
There are two approaches to calculate the number
of females Nt+1 in the next [t+1] generation. The first
one (represented by equation (1)), which can be named
individual-based, uses individual numbers of eggs laid
by each female from generation t. The second approach (represented by equation (5)), which can be
named average-based, uses the average number of eggs
laid by a female from generation t. Both approaches
give the same result of Nt+1 and need the same amount
of information to perform calculations. To use equation (1), we need data on individual progeny production of each female. To use equation (5), we need
average value of progeny production in a population.
But to calculate the average number of eggs per female, we also need individual information about the
number of eggs laid by each female. Thus, both approaches  individual-based and average-based 
are entirely equivalent when applied at a short time
scale (equal to one time step of a model, e.g.one year in
our case population).

3. Exponential equation  a longer time scale
Let us now calculate the number of females for
several consecutive years. We assume additionally, that

all females, both in the given and future generations,
are the same and lay the same number of eggs equal to
r. In generation t we have Nt females, the number of
females n generations later will be:
(7)
Nt+n = rn Nt
When in each of n future generations the conditions
are different, but it does not produce reproduction variability among females within the generations, we have
the following equation:
(8)
Nt+n = (Õ rj ) Nt
where multiplication is for j = 1, ,n and rj is number
of eggs laid by a female from generation j.
Can we also apply in this case the approach which
uses average value of the number of eggs per female?
Let us calculate rmh  a mean (harmonic) value of the
number of eggs per female in consecutive generations:
(9)
rmh = (Õ rj )1/n
where multiplication is for j = 1, ,n. Then:
Nt+n = (rmh )n Nt
(10)
because
(11)
(rmh )n = ( (Õ rj )1/n)n = Õ rj
Equations (5) and (10) describe the number of females in consecutive generations using average values
of eggs per female. Both equations are equivalent to
the individual-based model (1). Equation (5) makes a
prediction for one generation in advance, equation (10)
for several subsequent generations. Prediction of equation (5) is exact. Equation (10) predicts exact number
of females in the generation [t+n], however predictions
for generations different than [t+n] can not be made
with the help of harmonic average for generation [t+n],
but have to use harmonic averages calculated for proper generations.
Results presented in this section can be easily generalized to describe the case of a species with an individual variability in female reproduction in each generation. In this case, to estimate the number of females in
the future generations, we have to calculate arithmetic
averages of r values for each generation and harmonic
average of these arithmetic averages.
Again both approaches  individual-based and average-based  are equivalent: they give the same results and they need the same information for model
construction. There is only one difference between them
but its nature is rather numerical. Individual-based models (1) use integers as input data and give results 
numbers of females in the next generations  which
are also integers. Average values calculated in average-based models (5) or (10) are in general real numbers and give numbers of females in the next generations in the form of real numbers. However, averagebased approach does not use this fact. This effect can
be easily deleted by using function Trunc in computer
simulations.

4. Individual-based modeling
Individual-based approach is represented by equation (1). Let us replace ri by rit , to indicate that across
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the different generations the number of eggs per female
can be different. Then we have:
Nt+1 = å rit
(12)
where summation is for all females present in generation t: i = 1, , Nt .
The individual-based model does not consider the
number of females as its main point. It concentrates
rather on rit values and tries to explain, are they the
same or individually vary among females. The number
of females is a byproduct which we obtain only after
the proper description of ecological processes hidden
behind rit values  growth, assimilation of resources,
competition between individuals, unequal partitioning
of resources as the result of competition, and costs of
life too, which also can be different for different individuals in the population.
Individual-based model (12) (and its average-based
counterparts (5) and (10)) can describe not only an
exponential increase of the number of females in the
population, but also population oscillations, its stabilization, decrease or even the extinction of the population. The dynamics of the system depends on a distribution of r values among females in each generation.

5. Fitting to the empirical data
Let us assume that we have the numbers of females
in several subsequent generations and expect that the
data follow an exponential increase of a population.
However, we have no data on the number of eggs laid
by females. Fitting the parameters of mathematical model to the data is the most often action in such a case. We
fit parameter rf of the equation
(13)
Nt+1 = rf Nt
to the data we have.
Parameter rf , which value has been obtained by
fitting, is in general equal neither to rma nor to rmh. It
gives the best fit to the empirical data. The numbers of
females in subsequent generations calculated by means
of equation (13) with fitted value of parameter rf, give
on average the best approximation of experimental data.

6. Classical modeling
Classical approach to model the dynamics of ecological systems assumes that it is possible to describe
the number of females in subsequent generations by the
equation:
(14)
Nt+1 = g Nt
Equation (13) is similar to equations (5) and (10)
using a procedure of averaging values of parameters
characterizing individuals. Parameter g is in some sense
related to rma or to rmh. Its values can also be obtained
by fitting to empirical data. Individual-based models
use specific submodels to calculate r values which are
different for different patterns of interactions between
individuals in the populations. Classical models use a
different approach. They try to be as general as it is
possible, to include all possible forms of interactions

between the individuals and describe them by some
general functions.
The main point of classical approach to population
dynamics is an assumption concerning equation (14). It
says that g is a function of Nt:
g = g(Nt )
(15)
For instance, assuming that
(16)
g(Nt ) = 1 + (1  Nt / K )
where K is a constant parameter, we obtain the well
known logistic equation, used to describe populations
in which the number of individuals becomes constant
after a sufficiently long time.
Assumption (15) is of a statistical or empirical nature, because function (14) can be obtained by fitting to
empirical data. It is also a very simplifying assumption,
because it compresses complex ecological interactions
(e.g., which influence female fecundity) in the form of
a rather simple mathematical function. Only a very
small set (two or three) of different functions is used to
describe population dynamics of species with very different ecology.
This assumption has two important consequences.
Applying equation (14) with assumption (15) shifts us
from the world in which population number is expressed by natural numbers into another world in which
it is expressed by real numbers. In that case Nt is no
more the number of females, but becomes a density of
females in the population. This automatically limits the
application of the model to populations which are well
mixed in space and without spatial effects. Sedentary
species can not be described by the model (14).
Another consequence is very promising at a first
glance. Classical models directly make use of the fact
that population density is expressed by real numbers.
Assuming that function (15) is a real function, we have
an immediate access to all mathematic techniques which
is used to analyze difference equations. In contrast,
individual-based models are always simulation models. This is a strong limitation, which can partly be
overcome by proper simulation procedures (see the
ODD protocols in Grimm et al., 2006, 2010, as an
attempt to solve this problem). It is much more elegant
to use methods available for analysis of difference
equations when we are modeling with classical models.
Analytical solutions are often possible in this case.
However, the number of possible solutions is much
more limited than in the case of individual-based models. These are asymptotic solutions, cycles or deterministic chaos. Individual-based models produce a wider
range of possible solutions. Working with classical
models we devote much more time to stability analysis.
From the point of view of classical modeling, a stability of ecological systems seems to be much more important than it is in individual-based models. This emphasis on the stability of systems described by classical
models is a direct result of mathematical methods used
to model the dynamics of ecological systems. The importance of stability of ecological systems in nature is
apparently much smaller (see Rhode 2005, for examples
and arguments on so called nonequilibrium ecology).
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Table 1. Data used to construct the individual-based model (number of females and r values). Harmonic average values of
r (forth column) have been used to calculate results of the model (fifth column).
Òàáëèöà 1. Äàííûå äëÿ ïîñòðîåíèÿ èíäèâèäóàëüíî-îðèåíòèðîâàííîé ìîäåëè (÷èñëî ñàìîê è çíà÷åíèÿ H).
Ãàðìîíè÷åñêàÿ ñðåäíÿÿ çíà÷åíèé H (÷åòâ¸ðòàÿ êîëîíêà) èñïîëüçîâàíà äëÿ ðàñ÷åòà ðåçóëüòàòîâ ìîäåëèðîâàíèÿ
(ïîñëåäíÿÿ êîëîíêà).

Year
1
2
3
4
5
6
7
8

Number of
females,
empirical data
100
200
400
800
1000
800
900
900

r values
2.0
2.0
2.0
1.25
0.8
1.25
1.0
-

6. Conclusions
Let us illustrate the arguments above by an example. Fig. 1 presents the numberof females in consecutive years. Numerical values of the number of females
are also presented in the second column of Tab. 1.
Other parts of Tab. 1 include all elements necessary to
construct an individual-based model or its averagebased counterpart. Values of r are the same for all
females in each generation, but r values in different
generations are different. Tab. 1 also presents harmonic averages calculated starting from year 1 for the
subsequent years 2, 3, 4, etc., and the number of females calculated according to equation (10).
Tab. 2 illustrates the construction of a classical
model based on the same empirical data (number of
females and r values). The second and the third column
are the same as in the previous table. According to the
rules of classical modeling, we have to present r values
Table 2. Data used to construct the classical model. The
same number of females as in Tab. 1 was used. The function of the form (17) has been fitted to describe a relationship between r values and the number of females. Equation
(18) was then used to calculate densities of females in the
population in the consecutive years.
Òàáëèöà 2. Äàííûå äëÿ ïîñòðîåíèÿ êëàññè÷åñêîé
ìîäåëè, ÷èñëî ñàìîê òàêîå æå, êàê â Òàáë. 1. Ôóíêöèÿ
(17) àïïðîêñèìèðîâàíà äëÿ îïèñàíèÿ ñâÿçè ìåæäó
çíà÷åíèÿìè H è ÷èñëîì ñàìîê. Óðàâíåíèå (18) áûëî
çàòåì èñïîëüçîâàíî äëÿ ðàñ÷åòà ïëîòíîñòè ñàìîê â
ïîïóëÿöèè â ðÿäó ïîñëåäîâàòåëüíûõ ëåò.

Year
1
2
3
4
5
6
7
8

Number of
females,
empirical data
100
200
400
800
1000
800
900
900

r values
2.0
2.0
2.0
1.25
0.8
1.25
1.0
-

Density of
females,
calculated values
100.0
216.2
432.3
733.6
935.5
928.5
930.6
930.0

Harmonic
averages of
r values
2.0
2.0
2.0
1.7783
1.5157
1.4422
1.3687
-

Number of females,
calculated values
100
200
400
800
1000
800
900
900

as related to the number of females and then fit a linear
function to this relationship as it is most often done
(see Fig. 2). The following function gives the best fit:
(17)
g(Nt) = 2.3022  0.0014 Nt
After substitution of equation (17) to equation (14)
we obtain the classical model of the form:
(18)
Nt = (2.3022  0.0014 Nt) Nt
Forth column of Tab. 2 shows densities of females
in the population calculated according to equation (18).
Fig. 3 compares the results of individual-based and
classical models constructed for the same data set. The
difference between the results of both models is not big
if we compare their ability to predict numerical results.
Individual-based model gives the exact data. The classical model only approximates the data, because it uses
the function which is an approximation of a relationship between the population parameters. However, there
exists a much deeper difference in the interpretation of
these two models. Using function (18) we silently assume that independently of the population structure, at

Fig. 1. Number of females in the consecutive years, as based
on data used for construction of individual-based and classical
models.
Ðèñ. 1. ×èñëî ñàìîê â ðÿäó ïîñëåäîâàòåëüíûõ ëåò, íà îñíîâå äàííûõ äëÿ ïîñòðîåíèÿ èíäèâèäóàëüíî-îðèåíòèðîâàííîé è
êëàññè÷åñêîé ìîäåëåé.
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Fig. 2. Number of eggs per female in relation to the number of
females in the population. It is assumed that female fertility does
not vary within, but varies across the generations. Linear relationship in the form of (17) was fitted to the empirical data.
Ðèñ. 2. ×èñëî ÿèö, îòëîæåííûõ îäíîé ñàìêîé, â çàâèñèìîñòè îò ÷èñëà ñàìîê â ïîïóëÿöèè. Ïðèíèìàåòñÿ, ÷òî ïëîäîâèòîñòü ñàìîê íåèçìåííà â ïðåäåëàõ ãåíåðàöèè, íî ìåíÿåòñÿ ìåæäó
ãåíåðàöèÿìè. Ëèíåéíàÿ çàâèñèìîñòü â âèäå ôóíêöèè (17) áûëà
àïïðîêñèìèðîâàíà ê ýìïèðè÷åñêèì äàííûì.

Fig. 3. Number of females in consecutive years: A comparison
between results of an individual-based (solid circles) and classical
(open circles) models.
Ðèñ. 3. ×èñëî ñàìîê â ðÿäó ïîñëåäîâàòåëüíûõ ëåò: ñðàâíåíèå ìåæäó ðåçóëüòàòàìè èíäèâèäóàëüíî-îðèåíòèðîâàííîé (÷åðíûå ñèìâîëû) è êëàññè÷åñêîé (áåëûå ñèìâîëû) ìîäåëåé.

a given density all ecological processes in a population
are fully and unambiguously explained by this density
value. In contrast, during the construction of individual-based models we remember that for a given number
of individuals in population there can be a variation in
their demographic structure. For instance, the same
number of individuals can have different weight distribution, different variability with respect to other im-

portant individual features, or different proportion of
females and males. Individual-based models always
take such effects into account.
Working with the classical model we can always
look for singular points and perform stability analysis.
Solving the equation
1 = 2.3022  0.0014 Nt
(19)
we find that Nt = 930.1 is the singular point. It is also
the stable point, because the absolute value of the
derivative of function (18) with respect to N is less then
1 for Nt = 930.1.
Methods of individual-based modeling do not allow to obtain results which are the product of mathematical technique used to construct and analyze the
model. They do not make conclusions which have no
roots in properties of the real system. After all, the data
we have used in the example presented here do not
indicate that there exists a stability of the population.
Classical models directly use the fact that the population density is expressed by real numbers. This opens
the opportunity to apply mathematical methods to perform stability analysis of the model equation. But as a
consequence, it leads to the results which are the product of mathematical methods and may be far from the
reality.
In the beginning of the paper we have assumed that
there is no mortality in our case population. The introduction of mortality into the individual-based model
does not change much the model and its interpretations. The mortality of the progeny decreases r values.
The mortality of adult females changes only the distribution of r values among the females. Similar numerical changes will follow the introduction of mortality to
the classical model. The analysis shows that relaxing
the assumption about zero mortality does not change
interpretations presented in this paper.
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